Adaptive Backsteping Sliding Mode control of single
Link Flexible Manipulator in Presence of State
constraint and nonlinear observer
Hassam Sayyaadi
Professor, School of Mechanical Engineering, Sharif Univerdity of Technology
111559567, Tehran, Iran
sayyaadi@sharif.edu
Mahdi Hejrati
M.Sc. Student, School of Mechanical Engineering, Sharif Univerdity of Technology
Tehran, Iran
hejrati.mahdi@mech.sharif.edu

Abstract—. In this paper two most critical issues of flexible
manipulator are studied; tracking control of hub joint and
suppression of undesired vibration. For this purpose, an Adaptive
Backstepping Sliding Mode Control (ABSMC) in presence of state
constraint is proposed, based on two kind of Lyapunov function;
Quadratic Form (QF), and Barrier Form (BF). On the other hand,
the proposed controller requires all states to accomplish control
objective. Nevertheless, measuring time rates of elastic modes
involves considerable noise and cost. Therefore, to avoid this
problem, nonlinear speed observer is designed and stability of
error dynamic is established. Direct Lyapunov function is
employed to derive adaptation and control law in order to estimate
unknown parameters, also, asymptotic stability of the system is
ensured by using Barbalat lemma without state constraint
violation. Numerical simulation is investigated to verify the
effectiveness of the proposed observer based ABSMC scheme in
compared with PD control and demonstrate the satisfactory
vibration suppression and good tracking performance without
violating state barrier.
Keywords—flexible manipulator, state constraint, sliding mode
control, adaptive backstepping control, nonlinear observer, barrier
Lyapunov function

I. INTRODUCTION
In a world that energy conservation is a critical topic, the
utilization of flexible robots will play an important role. The
operating terminal of a robot, the manipulator is an important
research branch of robotics. Also, the effects of link flexibility
in robot manipulator systems have received much attention
among robotics and control researchers[1][2][3]. However, the
manipulator system is a compound multivariable system with
high order, nonlinearity, and strong coupling characteristics,
which is a difficult issue for controller design. Moreover, using
flexible manipulators causes unwanted vibration during
operation due to low stiffness feature which ends low accuracy
in end effector positioning. The design of flexible link
manipulator is fundamentally motivated by the requirement of
lightweight robotic systems. In the manufacturing industry,
higher productivity requires having manipulators which can
operate with higher speed, more accuracy, less power
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consumption, lower cost and improved payload handing
capabilities[2],[3]. Therefore, studying an advanced control
strategy to overcome the effects of these negative factors and
realize stable tracking control, is of great theoretical significance
and has wide application outlook[6].
Flexible manipulators are suffered by the fact that they have
less actuators than their Degrees Of Freedom (DOFs), where
systems like these are known as under-actuated systems. The
control of flexible link robots exhibit an inherent difficulty, in
that an independent control input does not exist for each
DOF[7]. Therefore, to overcome the mentioned issues, robust
and accurate control scheme must be employed. As we know,
Sliding Mode Control (SMC) has many attractive feature such
as robustness to parameter uncertainty and insensitivity to
disturbance. Also, Backstepping control is of importance tool
for nonlinear system that can avoid the cancellation of useful
nonlinearities. It is reasonable to integrate the adaptive control
with sliding mode and backstepping control methods in practical
application. In [8], an adaptive backstepping sliding mode
control has been designed for vibration suppuration where using
a fuzzy algorithm to estimate the unknown dynamic of single
link flexible manipulator. A method proposed in [9], is a
combination of adaptive control and sliding mode control. For
the aim of tracking control, an adaptive sliding mode has been
investigated in [10] for system identification based on neural
networks. In [11], a backstepping control method has been
developed for the tip-position trajectory tracking control of
single-link flexible manipulator. Also, in [12], Sliding Mode and
Adaptive Sliding Mode Control has been implemented to Two
Link Flexible Manipulator. Universally, there are constraints in
most physical systems with various forms, such as physical
stoppages, saturation, performance, and safety specifications.
Obviously, violation of these constraints causes serious
problems which needs considerable attention. In [13], an
adaptive fuzzy backstepping scheme has been employed to
cancel output constraint violation beside good tracking
performance in the presence of input saturation. Also, in [14],
[15] problems caused by output constraint has been investigated
and their negative effects has been balanced. Because of some
difficulty and low measuring precision, use of time rate of elastic

DOF causes low accuracy in control output. Therefore, a
nonlinear observer is required to estimate unmeasurable states.
In [16], an adaptive neural network observer has been designed
to estimate unmeasured states to use in proposed controller. The
main focus of [17] was designing active vibration control for a
flexible-link manipulator in the presence of input constraint and
unknown disturbances where disturbance observer has been
employed to cancel disturbance uncertainty. Also, in [18], an
extended state observer has been investigated to prepare
required states in backstepping control scheme to accomplish
control objective.
In this paper, we collected all above-mentioned strong factor
in control performance and considered some barrier on flexible
link manipulators, then proposed observer based nonlinear
adaptive backstepping sliding mode control to overcome these
problems. Also it will be shown that the result of proposed
control works better than one in [8]. Compared with the existing
works, this paper has several main contributions as follows:

used, internal damping and external damping for elastic link
and also, viscous damping is considered for the hub.
In Fig. 1, XOY and xoy represent fix and moving frame,
respectively, w(x,t) is elastic deformation,  is rotation of
rotor hub,  is control input, I h is hub inertia, m is tippayload and  , EL and L are density, flexural rigidity and
length of flexible link, respectively. Let P(X,Y) denote the
spatial coordinate of link in the fixed frame. Then one can write,
 x cos   w( x, t ) sin  

P ( X , Y )  
)1(

 x sin   w( x, t ) cos  

1) Adaptive sliding mode control is employed to not
only estimate of the unknown parameters and
avoiding barrier violation, but to improve
robustness of controller against the parameter
uncertainty and avoiding both control and observer
spillover caused by model truncation.
2) Backstepping control is investigated to avoid
cancelation of useful nonlinearity and to have
symbolic strategy to derive control and parameter
update law.
3) Nonlinear observer is designed to estimate the
angular velocity of hub and time rate of elastic
modes. Also, its stability is proved using Taylor
expansion.
This paper is organized as follows. The mathematical model
of single link flexible manipulator is given in section  . Control
design and stability analysis are discussed in Section  , where
it is shown that by the proposed control the asymptotic stability
of the closed-loop system can be achieved and the output
constraints are never violated. Simulations are carried out to
illustrate the effectiveness of the proposed control in Section IV.
The conclusion is given in Section V.
II. DYNAMIC MODELING AND PRELIMNERIES
A. System Description of Flexible Manipulator
In this section, the model of single-link flexible manipulator is
studied with its some nonlinearity and dissipative terms, as
shown in Fig. 1. The flexible manipulator is modelled as EulerBernoulli Beam, so the effects of shear and rotary inertia are
neglected. This link is clamped to the rotor at the root and is
subjected to concentrated mass at the end. The motor torque
applied to the link makes it to rotate in the horizontal plane, so
the effect of gravity is neglected. Also, for simplicity, axial
deformation of the beam is omitted. In this case, model
nonlinearity is considered in which both PDE and ODE
dynamics are coupled and two kinds of damping models are

Fig. 1. Single link flexible manipulator
For deriving motion equation of the system, consisting of PDEODE equation, we used Hamilton principle. Therefore, by
substituting variations of total Kinetic and Potential energies
and non-conservative work,
1
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into Hamilton Principle equation, one can obtain equations of
motion as below,
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Where dot and prime denote differentiating with respect to time
and x, respectively and c and cs are internal and structural

damping coefficient, respectively, where c  0  , cs  1 E .
To carry on, we need to reduce PDE equation to ODE by using
Assumed Mode Method (AMM). For this purpose, consider:

w( x, t )  qi (t )i ( x)
N

i 1

(10)

and Substitute above in (5) and (6), ignoring external variables,
one can obtains Lagrange equation as below:
(11)
M ( )  V ( ,  )  F ( )  K ( )  U
Where   [ , q1 , q2 , q3 , , qn ]T and M, V, F and K are Inertia,
Coriolis and Centrifugal, Damping and Stiffness matrices,
respectively, and U  [ ,0,0, ,0]T , is input vector. Let

x1   and x2   , then one can rewrite (11) in the state space
form,
x1  x2
(12)
x2  M 1[U  F  K  Vx2 ].
Assumption1, The x1 is required to remain in the set |𝐱 𝟏 | <
𝐤 𝐜𝟏 , ∀𝐭 > 𝟎 where 𝐤 𝐜𝟏 is a positive constant. Also there exists
positive constants A0 , A1 , , Ar such that the desired
trajectory
𝐱 𝟏𝐝 = [𝛉𝐝 𝐪𝟏𝐝 … 𝐪𝐍𝐝 ]𝐓
,
𝐱̇ 𝟏𝐝 =
[𝛉̇𝐝 𝐪̇ 𝟏𝐝 … 𝐪̇ 𝐍𝐝 ]𝐓 and
higher
time
derivatives
satisfy,|𝒙𝟏𝒅 | ≤ 𝑨𝟎 , |𝒙̇ 𝟏𝒅 | ≤ 𝑨𝟏 , … , |𝒙(𝒓) 𝟏𝒅 | ≤ 𝑨𝒓 .
III. CONTROL DESIGN
In this section an adaptive control law is designed by using
two different Lyapunov function; Quadratic form Lyapunov
function and Barrier Lyapunov function. Barrier form apply
some constraint on error but quadratic form has no constraint.
In order to results, effectiveness of both methods will be
compared.
Property1. The dynamic system (11) is linear in parameter, it
means there is a known parameter vector  and a regressor
matrix W such that,
M (   z1 )  V (   z1 )  F  K  W 
(13)
This is important, since some or all of the parameters may be
unknown; thus, the dynamic is linear in the unknown terms:
ˆ
(14)
Mˆ (   z1 )  Vˆ (   z1 )  Fˆ  Kˆ  W 

Theorem 1. For the system with dynamic equation (12), one
can achieve asymptotic stability by adaptive control and update
law as below,
ˆ   sgn( s )  ks
(17)
U W
ˆ  WT s


(18)

Where     0 , k  k  0 and,
T

T

1
𝑠𝑔𝑛(𝑠) = { 0
−1

𝑖𝑓 𝑥 > 0
𝑖𝑓 𝑥 = 0 .
𝑖𝑓 𝑥 < 0

Proof. Consider Lyapunov function as,
1
(19)
V1  z1T z1
2
By differentiating V1 with respect to time and substituting (15),
yields

V1  z1T z2  z1T [  x1d ] .
By choosing   1  2

 N  as
T

  x1d  c1 z1

)20(

we obtain

V1   z1T c1 z1  z1T z2

(21)

Where c1  c  0 . For second step, let define the sliding
surface as,
s   z1  z2
(22)
Where    T  0 , And its time derivative is
s   z1  M 1[U  F  K  V   V  z1 ]  M 1Vs  
(23)
Where  is
T
1

  x1d  c1 z1
(24)
Now, consider second Lyapunov candidate as,
1
1
(25)
V2  V1  sT M s+ T  1
2
2
ˆ . Then, differentiating V with respect to
Where     
2
time and substituting from (17), (18) and (23) leads to,
V2   z1T c1 z1  z1T z2   (i, i ) s  sT k s.
n

i 1

where ̂ is vector of unknown parameter and Mˆ ,Vˆ , Fˆ , Kˆ are the
estimation of M, V, F, K, respectively..

Let define symmetric matrix as follow,
 c   2 k 0.5I 
.
Q   1

 0.5I
k 

A. Quadratic form
As mentioned above, our control objective is an achievement
of good tracking performance and vibration suppression
without constraint violation. So, x1 and x2 must track the
desired trajectory. Hence, we denote virtual control as
T
T
z1  x1  x1d   z11 z12
z2 N 
z1N  and z2  x2     z21 z22

It can be shown that by using Q we can write:

, and their derivatives with respect to time,

z1  z2    x1d

(15)

z2  M 1[U  F  K  Vx2 ]  

(16)

(26)

zT Qz  z1T c1 z1  z1 z2  sT ks
Therefore, (38) can be rewritten as,
V2   z T Qz   (i, i ) s  0
n

i 1

(27)

Where asymptotic stability requires positiveness of Q ,
therefore the following condition must satisfy:
1
(28)
(c1   2 k )k  I .
4
From (19), (25) and (27) one can conclude that , z1 and s are
bound and from (22) one find that z2 is bound. Also, The

boundedness of x1 follows from the boundedness of z1 and x1d
, also from (20) the boundedness of  is achieved. Therefore,
from boundedness of  and z2 , one can conclude that x2 is
bound. From boundedness of z2 ,  and x1d in (15), we find
that z1 is bound and from (24) and with boundedness of z1 , z1

and x1d we find that  is bound. From boundedness of x1 and
x2 all M ( x1 ),V ( x1 , x2 ), F ( x2 ) and K ( x1 ) are bound. Therefore,
from boundedness of all signals of (17) one can conclude that
control law is bound. Also, from boundedness of
 , z1 ,  , z1 , M ,V , F , K we can obtain that W is bound, therefore,

̂ is bound which by boundedness of  it implies that ̂ is
bound. Also, boundedness of all component of (16) follows that
z2 is bound. Therefore, all signals are bound. Finally, from (27)
and Barbalat lemma[19], one can conclude that the asymptotic
stability is achieved.
B. Barrier form
In this section, a Barrier Lyapunov function is proposed to show
performance of (17) and prove boundedness of signals.
Lemma1[20], For any positive constant kb , let
l
l 1
Z1 : {z1  R : kb  z1  kb }  R and N : R  Z1  R
open sets. Consider the system
  h(t , )

be

where  : [u, z1T ]  N and h : R  N  Rl 1 is piecewise
continuous in t and locally Lipschitz in z , uniformly in t , on
l
R  N . Suppose that there exist functions O : R R and

V1 : Z1 R , continuously differentiable and positive definite in
their respective domains, such that
V1 ( z1 )   as z1   kb or z1  kb

 1 ( u )  O(u )   2 ( u )
Where  1 and  2 are class K  . Let V ( ) : V1 ( z1 )  O(u) and
z1 (0) belong to the set z1  (kb , kb ) . if the inequality holds:
V
h0

Then z1 (t ) remains in the open set z1  (kb , kb ), t  0,  .
V 

Where log(.) is natural logarithm of (.), and kb1 is constraint on
error z1 .
Theorem2. For the system with dynamic equation (12), one can
achieve asymptotic stability by adaptive control (17) and update
law (18).
Proof. consider Lyapunov candidate as[20]:
k2
1 n
V1  log 2 bi 2
(29)
2 i 1
kbi  z1i
By differentiating V1 with respect to time and choosing  as,

  x1d  
where

(30)

   c11 z11 (kb21  z112 ) c22 z12 (kb22  z122 )

2
cNN z1N (kbN
 z12N )

T

we obtain
z1i z2i
 z1T c1 z1 .
(31)
2
2
i 1 kbi  z1i
The second Lyapunov candidate is similar to (25). So, by
differentiating and substituting from (17) and (18), one can
obtain,
V1  
n

V2   z T Qz   (i, i ) s  0
n

i 1

(32)

Where asymptotic stability requires positiveness of Q which
define as follow,
 c   2 k 0.5

(33)
Q   1

 0.5
k 
Where  is,
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From (29), (34) and positiveness of Q , one can find that

V2  0 and control law remain bound. As explained in the
previous section, boundedness of all signals can be found.
According to lemma 1, we have z1  kb , t  0 , provided that
the initial condition satisfy z1 (0)  kb . It is straightforward to
show from x1  z1  x1d

,

z1  kb and

x1d  A0 , that

x1  kb  A0  kc1 . Therefore, it can be observed that the output

constraint will never be violated and control signal will be
remained bounded. Therefore, from (34) and Barbalat lemma,
asymptotic stability is achieved and z1 , z2  0 as t  0 .
C. Non-linear Observer
In the presented control strategy, it is necessary to measure
all of the system state variables. However, in flexible link
manipulators, measuring the time rate of flexible DOFs cannot
be done practically, but measuring the flexible DOFs can be
done by the use of strain gauges. Designing a nonlinear
observer is a method for estimating the time derivatives of
elastic DOFs and hub velocity. To this end, initially
observability of the system is shown and then nonlinear
observer is presented. The following definition describes local
observability of a system.
Definition 2[21], Consider a non-linear multi-output system as:
x  f ( x), x  R n and yi  hi ( x),1  i  v ,
Where x and y are the state vector and measurable output,
respectively, and v is the number of outputs. For this system
the observability matrix is as follows:

 h ( x) 
 i


d 
 ,1  i  v .
  

dx  ki 1

 L f hi ( x)
The system is said to be locally observable in R n if:
rank    n, x  R n ,

IV. SIMULATION RESULT
(35)

(36)

where L f indicates the Lie derivation and ki is the ith

k
v

observability index in which

i 1

i

 n and k1  k2 

 ki  0.

Now consider the dynamic of a flexible link given by (12),
where one can rewrite it as,
x  f ( x)  g ( x)U
(37)



x2
0  .
 g  



  M ( x1 ) 1[ F ( x2 )  K ( x1 )  V ( x1 , x2 ) x2 ]
 M ( x1 ) 1 

Where f  

For the system mentioned above, we can design nonlinear
observer as follow,
(38)
xˆ  fˆ ( x)  gˆ ( x)U  K 0 x0




xˆ2
 , gˆ   0  ,
Where fˆ  


1
1 
  M ( x1 ) [ F ( xˆ2 )  K ( x1 )  V ( x1 , xˆ2 ) xˆ2 ]
 M ( x1 ) 
2 n n
is observer gain. By
xˆ  [ xˆ1 , xˆ2 ] , x0  x1  xˆ1 and K 0  R
subtracting (37) from (38) and substituting control law (17), one
can obtain observer error dynamic as follow,
(39)
x   ( xˆ, x,U ) .
Where U is the presented control law. Because of complicated
nature of stability analyzing of (39), Taylor expansion has been
employed around the equilibrium point, x  0 :

x
|x  0 x   ( xˆ, x,U )
(40)
x
Where  is higher order terms. We can rewrite (40) as
follows,
x  A( xˆ ) x  B( xˆ, x,U ) .
(41)
According to (41), if the time history of all eigenvalues of A
remains in the left-hand side of complex plane then one can
conclude that error dynamic of observer is locally stable, like in
[22]. Finally, the Adaptive Backstepping Sliding Mode Control
based on nonlinear observer is presented as follow:
ˆ   sgn( sˆ)  ksˆ
U W
(42)
Where, sˆ   z1  zˆ2 , ẑ2  xˆ2   and W is the regression
matrix with some estimated states. It should be noticed that
motor torque subjected to system is:
  [1,0,0, ,0]T U .
(43)
And also, to avoid chattering phenomena sat(s) function is used
instead of sign(s):
∆
𝑠𝑎𝑡(𝑠) = { 𝑠
−∆

𝑖𝑓 𝑠 > ∆
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 .
𝑖𝑓 𝑠 < −∆

In this section, the proposed adaptive backstepping sliding
mode control based on nonlinear observer approach is applied
to control the single link flexible robotic manipulator. As shown
in previous section, the control law is derived from two kind of
Lyapunov function where effectiveness of each one was
surveyed in this section and compared with PD control and [8].
We used two first flexible modes with natural frequencies,
1  10.32 Hz and 2  77.31 Hz, to ignore rotary inertia and
shear deformation effects. The system parameter is,
m  0.1kg , EI  6.3,   0.32kg / m, J  0.0025Kg.m2 , 1  0.01,
0  0.05,  0.1 (hub friction coefficient). The desired
trajectories of all states are:
 d  sin(t ), d  cos(t ), and q1  q2  q1  q2  0 .
For the presented controller, in order to guarantee the state
constraint, let x1  kc1  1.25 0.05 0.05

T

. Thus, the

constraint of z1 is kb  kc1  A0   0.25 0.05 0.05 . Also,
the initial conditions of the system is considered as:
T

x(0)   x1 (0)

x2 (0)    0.2 0 0 0.1 0 0 
T

T

and initial condition for parameter estimation and observer is
considered zero.
To investigate the observability of the system with v = 3 and
n = 6, the observability indices are obtained as k1  3 , k2  2
and k3  1 . To represent the matrix rank of (35), the
determinant
of
the
observability
matrix
of
 dh dL1 h dL2 h h dL1 h h  T is shown in Figure.2
 1
f 1
f 1
2
f 2
3


where

h  

q1

q2 

T

. As shown in Figure.2 the

observability matrix is full rank in both methods, therefore, the
system is observable. As illustrated in Figure.3, all eigen value
of A is in the left-hand side of complex plane which implies
convergence of error dynamic (39). Figure.4 shows that the
norm of  is positive that shows positiveness of Q . As
illustrated in Figure.5, norm of estimated parameters is bound
and both Lyapunov functions have good performance. Figure.6
shows the time history of first and second mode of flexible link
that are so closed to zero. It can conclude from Figure.7 and
Figure.9, that the nonlinear observer has good performance and
error of estimation vanished in finite time (less than one
second). Also, it can find that the BF method has good
performance in decreasing oscillation of the arm. As shown in
Figure.8, both QF and BF method show good performance in
trajectory tracking of hub angle. Figure.9 shows the trajectory
tracking and estimation of hub velocity. One can conclude that
the performance of QF and BF are same and state estimation
error vanished in finite time.

Fig. 2. Time history of determinant of observability
matrix

Fig. 6. Time history of first and second mode
A)

Fig. 3. Maximum eigenvalue of matrix A
B)

Fig. 7. Estimation of 1st mode and 2st mode rate.
A) 1st mode, B) 2st mode

Fig. 4. Time history of determinant of 

Figure.10 shows the Time history of control effort for both
methods. It can be conclude that the both methods have smooth
signals which implies their effectiveness but BF based control
needs bigger start torque. Figure.11, compares endpoint
tracking of proposed methods with PD control
  k (   )  k (ˆ   )
p

Fig. 5. Norm of estimated parameter vector

d

v

d

where 𝑘𝑝 = 35 and 𝑘𝑣 = 25 .As one can observe, proposed
method has better performance than PD one. As illustrated in
Figure.12, the output constraint not violated by both methods,
but the BF based method has smooth error without overshoot.
Finally, figures show that all terms are asymptotically stable.
It should be noticed that the result of this work in compare with
[8], is improved and the proposed controller has more
efficiency and lower settling time.

Fig. 11. Deflection of end point w(L,t)
Fig. 8. Trajectory of hub angle
A)

B)

Fig. 12. Time history of tracking error
Fig. 9. Estimation and Trajectory Tracking of hub velocity
A) BF, B) QF

Fig. 10. Time history of actuator torque.

V. CONCLISION
In this paper, an Adaptive Backstepping Sliding Mode
Control (ABSMC) in presence of output constraint is presented
to track the hub joint trajectory and cancel unwanted vibration
raised from low stiffness feature of single link flexible
manipulator. Through a computer simulation and comparison
with PD control, it can conclude that both Lyapunov based
control have good performance. Also, Proposed controller needs
all states to accomplish control objective. Therefore, for
preparing presented controller requirement, nonlinear speed
observer was designed. From the results of simulation, it finds
that the proposed observer needs finite time (less than one
second) to accomplish estimation.
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